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Abstract 



The detailed description of the method of the construction of the nilpo- 
tent BRST charges for nonlinear algebras of constraints appearing in 
the description of the massless higher spin fields on the AdSo back- 
i ground is presented. It is shown that the corresponding BRST charge 

' is not uniquely defined, but this ambiguity has no impact on the phys- 

. ical content of the theory. 

o 

O ■ BRST - BFV method |I] is a powerful tool for the quantization of the wide class of 

the physical systems, invariant with respect to the gauge symmetry groups. The physical 
content of the theory is singled out by the BRST quantization condition 

Q\Phys) = (1) 

for the nilpotent Q 2 = BRST charge. Obviously due to the nilpotence property of the 
BRST charge the BRST quantization condition is gauge invariant i.e., the physical states 
are defined up to the transformation \Phys)' = \Phys) + Q\A) where the last term is 
a "spurious" state with the zero norm. Therefore to find the physical spectrum of the 
theory, one has to solve a cohomology problem of the corresponding BRST charge. 

On the other hand the BRST method can be applied for the construction of the 
field theory, which corresponds to some first quantized system. Namely if one succeeds 
to construct the nilpotent BRST charge for the given system of constraints, then one 
can straightforwardly write the corresponding field theoretical Lagrangian of the form 
L ~ which gives the condition ([!]) as the equation of motion. At the same time 

the Lagrangian is gauge invariant under the transformations 

f|*> = Q|A), (2) 

The later property is crucial for eliminating nonphysical degrees of freedom from the 
spectrum. The famous example of such kind of construction is BRST string field theory. 

The method of construction of the nilpotent BRST charge is well known when the 
corresponding constraints form the closed linear Lie algebra. The situation becomes more 



*E-mail: joseph@tspu.edu.ru 

^E-mail: pashnev@thsunl.jinr.dubna.su 

■^E-mail: tsulaia@thsunl.jinr.ru 



1 



complicated when one deals with the second - class constraints and (or) the algebra of 
constraints is nonlinear. In the present paper we analyze this situation and show, that 
at least for the system of constraints describing irreducible massless higher spin fields 
the corresponding BRST charge is not unique. Rather it can contain a number of free 
parameters which, nevertheless does not affect the physical content of the corresponding 
field theory. These parameters, leading to the noncanonical form of the BRST charge, can 
be present even in the case of closed linear algebra of constraints. The particular choice of 
these parameters ensures the possibility to simplify the expression for the BRST charge, 
and correspondingly the procedure of construction of the field theoretical Lagrangian 
becomes simpler as well. 

Below we concentrate on the construction of the nilpotent BRST charges and corre- 
sponding field theoretical Lagrangian for the theory describing the higher spin fields in 
the flat space and in AdS spaces. In particular, we investigate an arbitrariness in the 
BRST charge, which is described by some free parameters, and show that the physical 
content of the corresponding field theory is independent of the values of these parameters. 

First we briefly describe the system of the free higher massless spin fields propagating 
through the D - dimensional flat Minkowski space time in the framework of the BRST 
approach and then generalize the method for the interaction with AdSo background 
I- 

For the free massless higher spin fields the corresponding system of constraints imposed 
on the physical states includes the mass - shell constraint Lq = pt, transversality condition 
Li = p^a 11 , and tracelessness condition L 2 = |a /t a M , where 

p fl = d fi , [a a ,aj] = flap, ri a p = diag(-l,l,l,...,l), (3) 

These constraints are written down in terms of creation and annihilation operators al", a M . 
The general vector in the Fock space generated by these operators has the form 

1$) = ^<fa ia2 ... a „(x)a Ql+ a Q2+ • • -a^+10). (4) 

n 

Obviously, the high spin fields ^ ai a 2 -a n { x ) are automatically symmetrical with respect 
to the permutation of their indices and therefore representations of the corresponding flat 
space little group 0(d— 2) are characterized by the Young tableaux with one row. Note, 
that more complicated Young tableaux need for their description more then one set of 
creation and annihilation operators. 

The operators L ,Li,L 2 along with their conjugates and L 2 obey the following 
commutation relations. 

[L l ,Lx] — —L , [L x , L 2 ] — — Li, [L 2 ,Li] — —L l , 

[Gq, Li] — — Li, [Lf, G ] = — L\, (5) 

and 

[G 0l L 2 ] = —2L 2 , [L 2 -, G ] = — 2L 2 , [Lj, L 2 ] = — G . (6) 

where we have denoted G = a +M a At + -f • 

The construction of the nilpotent BRST charge for this system of constraints is not 
straightforward since as it can be seen from (|^) the constraints Lf are of the second class. 
It is a consequence of the fact that the operator Go is strictly positive and therefore can 
not be considered as an additional constraint. 
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Let us first introduce the anticommuting ghost variables rjo, rj^, rji, vt ■, 772, Vg which 
correspond to the operators Lq, Li, Lf, L 2 , L^ and Go and have the ghost number equal 
to 1, as well as the corresponding momenta Vq, V\,V\,V 2 , V 2 , Vg with the ghost number 
— 1 obeying the anticommutation relations 

{Vo,V } = {V2,V+} = {vl,V 2 } = { V 2,V+} = P 2 } = { VG ,V G } = 1. (7) 

Then we build the auxiliary representations of the generators of the algebra in terms 
of the additional creation and annihilation operators b + and b, [b, b + ] = 1 with the help of 
the following construction using the Verma module. We introduce the vector in the space 
of the Verma module \n)y = (Lj) |0)y, n G N, L2|0)y = and the corresponding vector 
in the Fock space 

\n) = (&+)», 6|0) = 0. 

Mapping the vector in the space of Verma module into the vector in the Fock space one 
obtains the representations of the generators of algebra SO(2, 1) in terms of the variables 
b + and b 

LLu X = b + , G . aux = 2b + b + h, L 2 . aux = b + bb + bh (8) 

where h is the highest weight of the Verma module Gq mux \0) = h\0). Then defining the 
operators Lf = Lf + Lf aux ,G = G + G . aux , we construct the corresponding "bare" 
nilpotent BRST charge for the total system of constraints ©-(H) 

Q = r] L +r)iLl+r)f Lx+^L^ L 2 + 

+Vg(-G + 3 - vfVi - Vtm - 2Vtr ]2 - 2tj+P 2 ) 

+V2V2VG -ViVi'P + Vi'Pf^ - vtViPi- ( 9 ) 

In order to avoid the condition of the type Go|<&) = one has to get rid of the variables 
t] G and Vg in the BRST charge flj^), keeping its nilpotence property at the same time. 
This can be done by replacing the parameter h by the expression 

7T = -(Go + 2b + b - 3 + + Vfrn + 2V1t 12 + 2 V +V 2 ) (10) 

and then simply omit the dependence on Vg in the BRST charge (see 0] || for the 
general treatment). 

The "reduced" BRST charge thus takes the form 

Q = rtoL +r] 2 (Lt + b + ) + r ]l Lf+r]fL 1 +r]i(L 2 -G b + b-b + bb) 

-ViVi'P + Vi^Xvi ~ V2 V1P1 + ViVt^ib ~ vfPiVib - ^vt^tv^b (11) 

Finally to restore the hermiticity property of the BRST charge, which is lost due to the 
nonhermitian form of auxiliary representations @ one has to define the scalar product in 
the Fock space as (&i\K\& 2 ) were K is a nondegenerate kernel operator 

K = Z+Z, Z = J2^(Ltm v (0\(b) n (12) 

n 

satisfying the property KQ = Q + K. 

Let us define the ghost vacuum in the way that the operators V01V1 1V2 i^t an d V 2 
are creation operators. Then the BRST invariant Lagrangian for our system will be. 



L= I Vo(x\KQ\x) (13) 
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The state vector \x) along with the oscillators a+ and b + depends on the ghost cre- 
ation operators as well and therefore the Lagrangian fllTf ) contains some auxiliary fields. 
However one can show that after making use of the BRST gauge invariance (0) and the 
equations of motion with respect to the auxiliary fields, one is left with the only physical 
field with no ghost and b + dependence. This field is double traceless L 2 L 2 \&) = and 
the corresponding Lagrangian for this field has the form |J 

L = ($|L - LtLx - 2L+L L 2 + L\L X L X + L+L+L 2 - L\L\L X L 2 \^) (14) 



and the Lagrangian (14), is invariant under the gauge transformations 

<i|$) = L+|Ai) (15) 

with the traceless parameter of gauge transformations L 2 |Ai) = 0. 

Let us note that, the "bare" nilpotent BRST charge ([|) has been constructed in the 
standard fashion adopted for the system of the first - class constraints i.e., the terms 
nonlinear in ghost variables have the form given in [|lj . However there exists an ambiguity 
in the expression of the BRST charge for this system as we shall see below. 

Now we generalize this procedure for the description of the higher massless integer spin 
fields interacting with D - dimensional Anti - de - Sitter background. The main feature 
we face in this case is the nonlinear character of the corresponding algebra of constraints 
0. In the AdS space the momentum operator p^ (here we denote Einstein indexes as 
(jl, u, ... and the tangent space indexes as a,P, ...) gets modified as 

Pii = <9 M + uj ll af3 a+ap. (16) 

Using this equation one cane easily check that the operators Lf = a^p^ are mutually 
hermitian conjugated with respect to the integration measure d D x^/—g. After introducing 
the covariant d'Alambertian 

L = g^(jp (l Pu-r^ /Px ) (17) 

one obtains along with (||) the following commutation relations 

[Li , Li] = —L , [L l ,L 2 ] = —Li, [L 2 ,Li] = —L\, 
[L , U\ = -2rl* + 4rG L 1 - 8rL+L 2 , 
[L+ Lo] = -2rL+ + 4rL+G - SrL+L^ 

[Go, Lx] — — Li, [L+,G ] = -L+, (18) 

where 

D 2 

L = L + r{-D + ^)+ ^rL 2 L 2 - rG G + 2rG , (19) 

and the parameter r being related to the inverse radius of the AdSp space A via r = A 2 . 
As it can be seen from the relations (ITH) and (Bl) the operators obey the nonlinear 



algebra being analogous to the finite algebra ||. Again our goal is to construct the 
nilpotent BRST charge for this system, where the operator Go is excluded from the total 
set of constraints. 

As a first step we construct nilpotent BRST charge for the operators Lo,Lf,Lf and 
Go satisfying the nonlinear algebra (0), flUf). However in contrast to the case of the 
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flat space - time i.e., when the constraints form the linear algebra there is no standard 
prescription for the construction of nilpotent BRST charge for the system of operators 
forming a nonlinear algebra. For this end we add step by step all possible higher order 
terms in the ghosts with arbitrary coefficients to the BRST charge (|9|) and require its 
nilpotence. Simultaneously we modify the operator at the linear term in ghost variable 
?7o, instead of being simply L it becomes the nonlinear combination L of L , Gq and 

This procedure leads to the family of "bare" nilpotent BRST charges, which turn out 
to depend on three free parameters k\,k 2 ,k3, namely i.e, the expression of terms which 
contain higher degrees in the ghost variables turn out not to be uniquely defined. The 
possible solution of the problem (not necessarily the most general one) has the form 

Q 1 = Ql + hQl + k 2 Q\ 2 + k 3 Ql 3 , (20) 

where 

Ql = 7]o(L + 6r) + mLt + r/ 2 L+ + i]\L x + rj+L 2 - rj G (G - 3) 
+2rrj r]fVi - Srrjori^T '2 + 2rr) Vtr)i 
-8rr] V^r]2 - vtVi'Po + vtvc'Pi + Vi"PiV2 ~ ^rrftVcNx 
-V2 V1P1 + 2r] 2 rj G V 2 - rfeV G r\ 2 + V\r] G r] X + 2V£r] G r] 2 ~ %rrfor){P\L% 
-4rr ]0 TjfP 1 G + Sr^fPt L 2 - ^^P+^Gq - Vlr^rftVWV x (21) 
Ql = -2 Vo (G - 3) - 6 V o4V 2 - 6V0VU2 - H^cVx - 2 VoVl V 1 L+ 
-VoVfPiGo - 2ri oV fV2Lt + 2 Wl + P+L 2 - Vovt^G^ 
-VoVtViGo ~ 2r]oVtmLi - VoPaViLt - GvoVi'PiVi'Pi, (22) 
Ql 2 = -Vo(G -3)-r ]o r ] +V 1 -2 mv Zr2-VoVivi-2Vo'PiV2-vtVGVi (23) 
Ql = VoT y 2 r l2 + VovtVi + VoVi'Pi L 2 + VovfT y 2Lf - r} r}fVtL 2 + rjoVtviLi 
+rj r]+ri+V 1 V2 + 2ri r]+Vpq 1 V 1 + Vovt^t^ GV2 ~ VoVi'Pivz'Pi 

- VoV +vi Vl v 2 - wtVc^Vx + mViPtvm (24) 

All these operators are nilpotent and mutually anticommuting so that their sum is 
nilpotent as well. Let us note that the particular choice of the parameters k\ = 0,k 2 = 
0, k 3 = 8 leads to the BRST charge constructed in M, which includes terms up to the fifth 
order in ghosts. The simplest expression including only third powers of ghosts corresponds 
to the choice k\ = —2, k 2 = 4, k 3 = 0: 

Q 1 = Vo(L + Qr) + Vl Lt + r]2Lt + vfLi + vtL 2 
-Vg(G - 3) - 2rr] r]lVi - 4rr) Q r}£V 2 

-2rr) Vtvi - ^rrj Vtv2 ~ Vi Vi^o + Vi VgVi + Vi^tm ~ 2rr)lV G Vi 
-V2V1P1 + 2 V2 VGV2 - 'f]iV G r]2 + V\r] G r]x + 2V 2 r) G r\ 2 - ArrjorjxViL^ 
-2rr) r]£ViG + Arrj rj^V 2 L^ + 4rr] r)+Vt L 2 + 2rr] rjfV G L 1 
-2rr] VtviG + 4rr ?0 P 2 f r ?1 L 1 + 2r Vo V G r ]l Li . (25) 

To get rid of the nonphysical constraint Go we again take the auxiliary representations 
for the operators Lf and Gq in the form (|8|) and construct the "bare" nilpotent BRST 
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charge adding step by step all possible higher order terms in the ghosts. The result is 
similar to (|20"D, namely 



Q = Q + k x Q kl + k 2 Q k2 + hQk 3 , (26) 



but now 



Q = r) (L + 6r - ArG . aux ) + ?7iL+ + r^Lx 

+V2(Lt aux + L$) + r]^(L 2 . aux + L 2 ) - r] G {G _ aux + G - 3) 
+2rr] r]^Vi - 8rr] r] 2 P2 + 2rr\oP\r\x 

-8rr] V^r] 2 - vtViPo + vtvaPi + r)fPtv2 ~ ^rftP G r) X - rfer}{P\ 
+2r) 2 ri G P 2 - f]iV G f]2 + PfvcVi + 2P 2 h r} G r} 2 - 8rr]or]{P\L\ 
-Ar^+PiGo + Srr)oViViL 2 - 4rr ?0 P^ 1 G - Ur^+P+^P^ (27) 
Q kl = -2r) (G . aux + G -3) -6r) ri+P 2 -6ri P+ri2-3r)+P G ri 1 

-2 V oViPi(L+ aux + L+) + 2r t0 r ] tPi(L 2 . aux + L 2 ) - w$Vx(G Qjwas + Go) 
-2r] r]fP 2 Ll - r\§r)yP G L\ - r}oPir} 1 (G .aux + G ) 

-2^PtnxU - VoPcViLt - QvovtPtviPi; (28) 
Qk 2 = -Vo( G o.aux + G - 3) - rjoVi'Pi ~ ^mtPi 

-VoPtvi ~ 2VoPtV2 - vt^GVi , (29) 

Qk 3 = V0V2P2 + VoPtm + V0VlPl( L 2.aux + L t) - V0VlPl( L 2.aux + L 2 ) 

+77o77+P 2 L+ + VoPtViLi + VovtvtPiP2 + 277077+^+77^! 
+V0V1P1PGV2 - V0V1P2V2P1 - r)or}iPX ,f }\P2 

-VovtPcViPi + VoPfPtvm- (30) 
Taking the free parameters as in fl25|) again leads to the simplest form of the BRST charge 

Q = Vo(L + 6r - ArGo_ aux ) + 77iL+ + r/ + L x 

+V2(Ll aux + L+) + r)i{L 2 . aux + 77+ L 2 ) - r] G (G . aux + G - 3) 

-2rr] r]fP 1 - 4:rr) r]iP 2 - 2rr] Q P J [r] 1 - 4rr/ P+?72 - vfViPo 

+Vi VgPi + V1P1V2 ~ 2rr)XP G r} X - r]£ri 1 P 1 

+2r/+r/ G P 2 - 7]+P G 7] 2 + PtvcVi + ^PtvcV2 + Arrjo^p \L+ aux 

-^rrioT]{P\L\ + 2rr]or\\P\Go.aux - 2rr\on[P\Go + Arrjo^P^Lf 

-4rr] r)+P+ L 2 . aux + 4rr) r)fPf L 2 + 2rr] r]fP G L 1 + 2rr)oP\ T)\Gq. aux 

-2rr] PtviGo + Ar^PUxU + 2r Vo P G r h L+. (31) 

The further procedure goes on in the complete analogy with the case of the flat space 
- time background. Namely we obtain the reduced BRST charges Q from (|26"D after the 
transformation (|10"D and than construct the Lagrangian (|T3"D being invariant under the 
gauge transformation ((^). Though the BRST charge which corresponds to the system 
(|T8|), ([]) is not unique, one can show following the lines of on the base of the explicit 
calculations that all these BRST charges after making the partial BRST gauge fixing in 
the Lagrangian ( Jl3| ) lead to the unique final form of the Lagrangian, which contains only 
one double traceless physical field |$) (L 2 I/ 2 |$) = 0) 

jd = (^I-Zvq — L\ — 2Zv+ Lq1j2 ~~\~ L 2 L\L\ ~t~ L 2 — L-1L2 

-r(6 - AGo + WL+L2 - 4L + G L 2 )|$}. (32) 
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The Lagrangian is invariant with respect to the gauge transformation flT5|) with the trace- 
less parameter |A) and describes massless irreducible higher spins in AdS space which 
correspond to the Young tableaux with one row in complete correspondence with || . The 
same result concerning non-uniqueness of the BRST charge will take place if we apply 
above construction to the system of constraints (|5]) - @ describing the propagation of 
higher massless integer spin fields in the Minkowski space as well. 



1 Conclusions 

In this paper we have shown that the BRST charge which corresponds to the system 
of constraints describing higher massless integer spin fields is not unique. Rather there 
exists a family of charges even for the case of the flat space background. As a result the 
form and the number of terms which contain the third and higher degrees of the ghost 
variables may be different. However the final form of the corresponding gauge invariant 
Lagrangian and of the gauge transformations are such, that the physical spectrum of the 
theory does not depend on the particular choice of free parameters entering into the BRST 
charge. That means that in this particular case the cohomologies of the all family BRST 



charges given by the equation fl26j) both for the case of the flat and AdSp backgrounds 
are the same. Moreover we conjecture that generically the analogous ambiguity if it is 
observed for other gauge systems should have no impact on the physical spectrum for the 
different particular choices of the free parameters. The number of free parameters can be 
different as well. Let us note also that the nilpotence of the BRST charge for the case of 
AdSo background requires the modification of the mass - shell operator, which leads the 
constraint, giving the correct unitary massless representations of AdSo group. 

It seems interesting to apply this procedure to the more complicated representations 
of the AdSo group, when the corresponding representations of the flat space time little 
group is described for two and more rows. It is interesting also to construct the auxiliary 
representations of the whole nonlinear algebra (0), (|6]) in terms of Verma module, as well 
as to study the possibility for the construction of finite dimensional representations for 
such kind of algebras. 
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